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Simultaneous Conjugacy Classes as
Combinatorial Invariants of Finite Groups
Dilpreet Kaur, Sunil Kumar Prajapati∗, and Amritanshu Prasad
Abstract. Let G be a finite group. We consider the problem of counting
simultaneous conjugacy classes of n-tuples and and simultaneous conjugacy
classes of commuting n-tuples in G. Let αG,n denote the number of simul-
taneous conjugacy classes of n-tuples, and βG,n the number of simultane-
ous conjugacy classes of commuting n-tuples in G. The generating functions
AG(t) =
∑
n≥0 αG,nt
n, and BG(t) =
∑
n≥0 βG,nt
n are rational functions of
t. We show that AG(t) determines and is completely determined by the class
equation of G. We show that αG,n grows exponentially with growth factor
equal to the cardinality of G, whereas βG,n grows exponentially with growth
factor equal to the maximum cardinality of an abelian subgroup of G. The
functions AG(t) and BG(t) may be regarded as combinatorial invariants of
the finite group G. We study dependencies amongst these invariants and the
notion of isoclinism for finite groups. Indeed, we prove that the normalized
functions AG(t/|G|) and BG(t/|G|) are invariants of isoclinism families. We
compute these normalized functions AG(t/|G|) and BG(t/|G|) for certain finite
p-groups including all isoclinism families of rank at most 5.
1. Introduction
Any group G acts on its Cartesian power Gn by simultaneous conjugation:
g · (x1, . . . , xn) = (gx1g
−1, . . . , gxng
−1).
Let G(n) denote the subgroup of Gn consisting of pairwise commuting tuples:
G(n) = {(x1, . . . , xn) ∈ G
n | [xi, xj ] = 1 for all 1 ≤ i, j ≤ n}.
Even when conjugacy classes in G are well-understood, it may not be easy to
understand the G-orbits in Gn and G(n). For example, when G is the matrix group
GLm(F ) for some field F , the determination of orbits in G
2 corresponds to the
matrix pair problem, which is the quintessential wild problem in algebra. The
determination of orbits in G(n) corresponds to the classification of m dimensional
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modules for the polynomial algebra F [x1, . . . , xn] up to isomorphism. This problem
was solved for m ≤ 4 by Sharma [Sha16].
In this article, we restrict ourselves to finite groups, and focus on the combina-
torial problems of counting G-orbits in Gn and G(n). Let αG,n denote the number of
G-orbits in Gn, and βG,n the number of G-orbits in G
(n). Consider the generating
functions:
AG(t) =
∞∑
n=0
αG,nt
n,
and
BG(t) =
∞∑
n=0
βG,nt
n.
Note that G0 and G(0) are the trivial group, and so αG,0 = βG,0 = 1.
We derive expressions (2) and (6) for AG(t) and BG(t), which show that they
are rational functions of t. The rational functions AG(t) and BG(t) may be regarded
as combinatorial invariants of G. The rational functions for AG(t) and BG(t) have
simple poles that lie on the positive real axis. By locating these poles, we show
that αG,n grows like a geometric series in n with common ratio |G|, the cardinality
of G, whereas βG,n grows with common ratio equal to the maximal cardinality of
an abelian subgroup of G (Theorem 3.1).
We say that groupsG1 andG2 areA-equivalent (resp., B-equivalent) if AG1(t) =
AG2(t) (resp., BG1(t) = BG2(t)). A-equivalence is easy to characterize: two fi-
nite groups are A-equivalent if and only if they have the same class equation
(Theorem 2.1). We do not have a similar group-theoretic characterization of B-
equivalence.
Hall classified groups into families using the notion of isoclinism in [Hal40].
These families played an important role in the classification of p-groups. Hall and
Senior [HS64] classified all groups of order 2n for n ≤ 6, and James [Jam80]
classified all groups of order pn for n ≤ 6 for odd primes in terms of these families.
These families comprise groups of different orders. For a family of p-groups, the
smallest n such that the family has a group of order pn is called the rank of the
family.
The normalized functions AG(t/|G|) and BG(t/|G|) are invariants of isoclinism
families (Theorem 4.8). Therefore isoclinic groups of the same order are both A-
equivalent and B-equivalent.
By searching the small groups library of GAP [GAP18], all other possible
dependencies amongst these three equivalence relations are ruled out and the coun-
terexamples of smallest order are provided (Section 5). For convenience, the group
of order n with GAP small groups identifier (n, r) will be denoted G(n, r). The
groups G(54, 6) and G(54, 8) have centers of different order, hence are not A-
equivalent, but are B-equivalent. The groups G(128, 2022) and G(128, 1758) are
A-equivalent, but not B-equivalent. The group G(18, 1) (dihedral of order 18)
and G(18, 4) are A-equivalent and B-equivalent, but not isoclinic. The normal-
ized invariants AG(t/|G|) and BG(t/|G|) are the same for families Φ3 and Φ4, and
also for families Φ7 and Φ8 of p-groups for p ≥ 3 (in the classification scheme of
James [Jam80]; see Table 1). Thus groups of the same order in these families are
A-equivalent and B-equivalent.
The relationship between these equivalences is summarized in Figure 1. In
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Families AG(t/|G|) BG(t/|G|)
Abelian 11−t
1
1−t
Φ2,Γ2
1−p−2
1−p−1t +
p−2
1−t
−p−1
1−p−2t +
1+p−1
1−p−1t
Φ3,Φ4,
Γ3,Γ4
1−p−1
1−p−2t +
p−1−p−3
1−p−1t +
p−3
1−t
−p−1
1−p−3t +
1
1−p−2t +
p−1
1−p−1t
Φ5,Γ5
1−p−4
1−p−1t +
p−4
1−t
1
1−p−4t +
−p−1−p−1−p−2
1−p−3t +
p+1+p−1+p−2
1−p−2t
Φ6
1−p−3
1−p−2t +
p−3
1−t
−p−1−p−2
1−p−3t +
1+p−1+p−2
1−p−2t
Φ7,Φ8,
Γ6,Γ7
1−p−2
1−p−2t +
p−2−p−4
1−p−1t +
p−4
1−t
−p−1−p−2
1−p−3t +
1+p−1+p−2
1−p−2t
Φ9,Γ8
1−p−1
1−p−3t +
p−1−p−4
1−p−1t +
p−4
1−t
−p−1
1−p−4t +
1
1−p−3t +
p−1
1−p−1t
Φ10
1−p−1
1−p−3t+
p−1−p−3
1−p−2t +
p−3−p−4
1−p−1t +
p−4
1−t
−p−1
1−p−4t +
1−p−2
1−p−3t +
p−1+p−2
1−p−2t
Table 1. Normalized invariants for isoclinism families p-groups of
rank up to 5; for the families Γi of 2-groups, substitute p = 2.
Isoclinic of same order
A-equivalent and B-equivalent
A-equivalent B-equivalent
×
× ×
Figure 1. Dependencies between equivalence relations
Section 6 we show that AC-groups are A-equivalent if and only if they are B-
equivalent. In Sections 7 and 8 we compute these invariants for several interesting
classes of groups. In Section 9 we reduce the computation of AG(t) and BG(t) of
a Frobenius group with Frobenius kernel N and Frobenius complement H to the
corresponding invariants for N and H . In Section 10 we compute the normalized
functions AG(t/|G|) and BG(t/|G|) for isoclinism families of p-groups of rank up to
5. The results are given in Table 1.
Our algorithms for computing AG(t) and BG(t) are easily implemented in sage
[Sag18]. Using the GAP interface of sage, it is possible to compute AG(t) and
BG(t) for a large family of groups that are available in GAP. In particular, by
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locating isoclinism classes of p-groups in the GAP Small Groups, we are able to
verify the results in Table 1. This software is available from the website:
https://www.imsc.res.in/˜amri/conjutator/
2. Rationality of AG(t) and BG(t)
In this section, we present algorithms to compute the formal power series AG(t)
and BG(t), from which it follows that they are rational functions of t.
For each g ∈ G, let ZG(g) denote its centralizer. The function AG(t) can be
computed by a simple application of Burnside’s lemma to the action of G on Gn:
(1) αG,n =
1
|G|
∑
g∈G
|ZG(g)|
n.
Therefore
AG(t) =
∞∑
n=0
αG,nt
n
=
∞∑
n=0
1
|G|
∑
g∈G
|ZG(g)|
ntn
=
1
|G|
∑
g∈G
1
1− |ZG(g)|t
,(2)
a rational function of t.
In the following theorem, we show that information contained in the generating
function AG(t) is the same as the information contained in the class equation of G.
Theorem 2.1. Let G and H be finite groups. Then AG(t) = AH(t) if and only
if G and H have the same class equation.
Proof. Let zm denote the number of elements of G having centralizer of car-
dinality m (and therefore conjugacy class of cardinality |G|/m). Note that zm = 0
if m > |G|. Clearly, the sequence z1, z2, . . . , zN , where N = |G| completely deter-
mines, and is completely determined by the class equation of G. The expression
(1) for AG(t) can be rewritten as:
(3) αG,n =
1
|G|
∞∑
m=1
zmm
n.
Thus the coefficients of AG(t) are completely determined by the class equation of
G.
Conversely, let N = |G|. The identity (3) can be viewed as a matrix identity:
(4)


αG,1
αG,2
...
αG,N

 =
1
|G|


1 2 · · · N
12 22 · · · N2
...
...
. . .
...
1N 2N · · · NN




z1
z2
...
zN


The non-singularity of the Vandermonde matrix in this identity implies that the
sequence z1, . . . , zN (and hence the class equation of G) is completely determined
by the first N coefficients of AG(t). 
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The expression (3) suggests and alternative form for Eq. (2):
(5) AG(t) =
1
|G|
∞∑
m=1
zm
1−mt
,
which gives the partial fraction decomposition of AG(t).
Burnside’s lemma cannot be used to compute BG(t) in this way, because the
entries of a tuple in G(n) are not independently chosen (they must commute with
each other). Instead, a recursive process is used:
Let g ∈ G. The map (g, g1, . . . , gn−1)→ (g1, . . . , gn−1) induces a bijection from
the set of G-orbits in G(n) which contain an element whose first coordinate is g
onto the set of ZG(g)-orbits in ZG(g)
(n−1). Let cH denote the number of conjugacy
classes of G whose centralizer is isomorphic to a group H . Then the bijection that
we have just defined gives rise to the identity
βG,n =
∑
H
cHβH,n−1,
for each n ≥ 1, the sum on the right hand side being over isomorphism classes of
subgroups of G. Consequently,
BG(t) = 1 +
∞∑
n=1
βG,nt
n
= 1 +
∞∑
n=1
∑
H
cHβH,n−1t
n
= 1 +
∑
H
cHtBH(t).
Bringing the term with H = G from the right hand side to the left gives
(6) (1− cGt)BG(t) = 1 +
∑
|H|<|G|
cHtBH(t)
Note that cG is the cardinality of the center of G. The above identity establishes
the rationality of BG(t) by induction on |G| (the base cases are groups of prime
order, which are abelian, and therefore BG(t) is obviously rational for them).
3. Asymptotic Formulas
If a power series represents a proper rational function given as a partial fraction:
(7)
∞∑
n=0
ant
n =
N∑
i=1
ci
1− rit
.
with real numbers r1 > r2 > · · · > rN > 0, then
an =
N∑
i=1
cir
n
i ,
from which we get:
(8) an ∼ c1r
n
1 .
Here, we write an ∼ bn if limn→∞ an/bn = 1.
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Theorem 3.1. For any finite group G, we have:
αG,n ∼ |Z(G)||G|
n−1,
βG,n ∼ Ca
n,
where a is the maximal cardinality of an abelian subgroup of G, and C is some
positive constant.
Proof. Equation (2) is the partial fraction decomposition of AG(t), which is
of the form (7) with r1 = |G|, so the result for αG,n follows.
Given groups H and K, let cHK denote the number of conjugacy classes in H
whose centralizer in H is isomorphic to K. In particular, cHH is the cardinality of the
center of H . The sum on the right hand side of the recursive identity (6) is trivial
if and only if G is abelian. Otherwise, each non-zero term on the right hand side
corresponds to a subgroup H of G which is the centralizer of a non-central element
g ∈ G. Thus the center of H contains the center of G as well as the non-central
element G, so that cHH > c
G
G. Each path in the recursion tree when (6) is iterated
leads to a term of the form:
1
1− cGGt
×
cGH1t
1− cH1H1t
× · · · ×
c
Hk−1
Hk−1
t
1− c
Hk−1
Hk
t
,
where G = H0, H1, . . . , Hk = H is a sequence of groups such that Hi is the cen-
tralizer of a non-central element of Hi−1 for i = 1, . . . , k and Hk is abelian. Thus,
when BG can be expanded in a partial fraction of the form (7), where r1 is the max-
imal cardinality of an abelian subgroup H of G for which there exists a sequence
G = H0, H1, . . . , Hk = H and elements gi ∈ Hi−1, with Hi = ZHi−1(gi) for each
i = 1, . . . , k. Equivalently, H is an abelian subgroup of maximal cardinality of the
form:
(9) H = ZG(g1) ∩ ZG(g2) ∩ · · · ∩ ZG(gk),
where (g1, . . . , gk) ∈ G
(k).
Let H be any maximal abelian subgroup of G. Let k = |H | and let g1, . . . , gk
be an enumeration of the elements of H . We claim that (9) holds, so every maximal
abelian subgroup of G is of this form. Indeed, the right hand side of (9) consists
of all the elements of G that commute with every element of H . By maximality
of H , this is exactly the set of elements of H . This proves the assertion about the
growth of βG,n. 
4. AG(t), BG(t) and isoclinism
In 1940, Hall [Hal40] introduced isoclinism, an equivalence relation on the
class of all groups. Isoclinism makes precise the idea that two groups have the
same commutator function. This section is devoted to study the relation between
isoclinism of groups and the formal series AG(t), BG(t).
Definition 4.1 (Isoclinism). Two finite groupsG andH are said to be isoclinic
if there exist isomorphisms θ : G/Z(G) −→ H/Z(H) and φ : G′ −→ H ′ such that
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the following diagram is commutative:
G/Z(G)×G/Z(G) H/Z(H)×H/Z(H)
G′ H ′,
aG
θ×θ
aH
φ
where aG(g1Z(G), g2Z(G)) = [g1, g2], for g1, g2 ∈ G, and aH(h1Z(H), h2Z(H)) =
[h1, h2] for h1, h2 ∈ H .
The resulting pair (θ, φ) is called an isoclinism of G onto H . Isoclinism is an
equivalence relation on groups strictly weaker than isomorphism. For instance, a
group is isoclinic to the trivial group if and only if it is abelian. More generally,
isoclinic nilpotent groups have the same nilpotency class.
Remark 4.2 ([Hal40, p. 134]). Let (θ, φ) be an isoclinism from G onto H .
(4.2.1) Let qG : G → G/Z(G) and qH : H → H/Z(H) denote the quo-
tient maps. For each subgroup K of G containing Z(G) let θ¯(K) =
q−1H (θ(qG(K))). Then θ¯ is a bijection from the set of subgroups of G
containing Z(G) onto the set of subgroups of H containing Z(H), and
K and θ¯(K) are isoclinic. For any element g ∈ G, let h ∈ H be such
that θ(qG(g)) = qH(h). Then θ¯(ZG(g)) = ZH(h). In particular, a
centralizer in the group G is isoclinic to a centralizer in H .
(4.2.2) The isoclinism (θ, φ) from G onto H gives rise to a bijective corre-
spondence between quotient groups G/K and H/L, where K ⊆ G′
and L ⊆ H ′, and corresponding quotient groups are isoclinic.
Isoclinism has strong implications for AG(t) and BG(t):
Theorem 4.3. Let G and H be isoclinic groups. Then
(4.3.1) AG(t) = AH
(
|G|
|H| t
)
.
(4.3.2) BG(t) = BH
(
|G|
|H| t
)
.
Proof. Let (θ, φ) be an isoclinism of G onto H . Then θ induces a bijection
from the elements of G/Z(G) onto elements of H/Z(H) which preserves the orders
of centralizers. Let zm denote the number of elements of G/Z(G) with centralizer
of order, and let zGm denote the number of elements of G with centralizer of order
m. It follows that, for every positive integer m, zG|Z(G)|m = |Z(G)|zm. Also, z
G
m = 0
if m is not a multiple of |Z(G)|. By (5), we get:
AG(t) =
1
|G|
∑
m
|Z(G)|zGm
1− |Z(G)|mt
= AG/Z(G)(|Z(G)|t).
A similar identity holds for H . Since G/Z(G) is isomorphic to H/Z(H), AG/Z(G) =
AH/Z(H). Therefore
AG(t) = AG/Z(G)(|Z(G)|t)
= AH/Z(H)(|Z(G)|t)
= AH(|Z(G)||Z(H)|
−1t)
= AH(|G||H |
−1t)
and the first identity of the theorem follows.
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For the second identity, assume |G| ≤ |H | and proceed by induction on |G|. If
G is an abelian group then H , being isoclinic to G is also abelian. We have:
BG(t) =
1
1− |G|t
=
1
1− |H |(|G||H |−1t)
= BH(|G||H |
−1t).
In particular, the identity holds for all groups of prime order.
Suppose the identity holds for groups of order less than |G|. When BG(t) is
computed using (6), the sum on the right hand side consists of subgroups K of G
containing Z(G). For each such K, we have:
BK(t) = Bθ¯(K)(|Z(G)||Z(H)|
−1t)
(by induction hypothesis and Remark 4.2.1). Also,
cGK = c
G/Z(G)
K/Z(G)|Z(G)| = c
H/Z(H)
θ(K/Z(G))|Z(G)| = c
H
θ¯(K)|Z(G)||Z(H)|
−1.
And finally,
|G|/|H | = |Z(G)|/|Z(H)| = |K|/|θ¯(K)|.
Applying the above observations to (6) gives
(1− |Z(G)|t)BG(t) = 1 + t
∑
K⊂G
cGKBK(t)
= 1 + t|Z(G)||Z(H)|−1
∑
K⊂G
cHθ¯(K)Bθ¯(K)(|Z(G)||Z(H)|
−1t)
= (1− |Z(G)|t)BH(|Z(G)||Z(H)|
−1t),
which is equivalent to the second identity. 
Corollary 4.4. Isoclinic groups of same order are A-equivalent and B-equivalent.
Proof. This is an immediate consequence of Theorem 4.3. 
Remark 4.5. Corollary 4.4 and Theorem 2.1 imply the well-known fact that
isoclinic groups of the same order have the same class equation.
Corollary 4.6. Let G be a group andH be an abelian group. Then AG×H(t) =
AG(|H |t) and BG×H(t) = BG(|H |t).
Proof. This follows from the fact that G is isoclinic to G × H when H is
abelian, and Theorem 4.3. 
Definition 4.7 (Family Invariant, [Hal40]). A quantity depending on a vari-
able group is called a family invariant if it is the same for any two isoclinic groups.
Another immediate corollary of Theorem 4.3 is:
Theorem 4.8. The rational functions AG(t/|G|) and BG(t/|G|) are family
invariants of the group G.
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5. Counterexamples found by GAP
The converse of Theorem 4.3 is not true. Moreover neither A-equivalence nor
B-equivalence implies the other. The assertions in the following examples can be
verified using GAP.
Example 5.1 (A-equivalent and B-equivalent, but not isoclinic). Consider the
dihedral group G(18, 1) with presentation
〈α, β | α9, β2, β−1αβα〉
and the generalized dihedral group G(18, 4) with presentation
〈α1, α2β | α
3
i , β
2, [α1, α2], β
−1α1βα1, β
−1α2βα2〉.
Then
AG(18,1) = AG(18,4) =
−98t2 + 23t− 1
324t3 − 216t2 + 29t− 1
,
BG(18,1) = BG(18,4) =
−t2 + 6t− 1
18t3 − 29t2 + 12t− 1
.
But these groups are not isoclinic, since they both have trivial center, but are not
isomorphic to each other–G(18, 1) has exponent 18, while G(18, 4) has exponent 6.
Example 5.2 (B-equivalent, but not A-equivalent). Consider the groupG(54, 6)
with polycyclic presentation:
〈α1, α2, α3, β | α
2
1 = α
3
2 = α
9
3 = β
3 = 1, α1α3α
−1
1 = βα
2
3, α1βα
−1
1 = β
−1,
α2α3α
−1
2 = β
−1α3〉
and group G(54, 8) with polycyclic presentation:
〈α1, α2, α3, β | α
2
1 = α
3
2 = α
3
3 = β
3 = 1, α1α2α
−1
1 = α
−1
2 ,
α1α3α
−1
1 = α
−1
3 , α2α3α
−1
2 = β
−1α3〉
Then
AG(54,6)(t) =
1/2
1− 6t
+
1/3
1− 9t
+
1/9
1− 18t
+
1/27
1− 27t
+
1/54
1− 54t
,
AG(54,8)(t) =
1/2
1− 6t
+
4/9
1− 9t
+
1/18
1− 54t
,
whereas
BG(54,6) = BG(54,8) =
−2/3
1− 3t
+
1
1− 6t
+
2/3
1− 9t
Example 5.3 (A-equivalent, but not B-equivalent). Consider the group
G(128, 2022) with polycyclic presentation:
〈α1, α2, α3, α4, α5, α6, β | α
2
1 = α
2
2 = α
2
3 = α
2
4 = α
4
5 = α
4
6 = β
2 = 1,
α1α2α
−1
1 = βα5α2, α1α3α
−1
1 = βα6α3, α1α5α
−1
1 = βα5, α1α6α
−1
1 = βα6, α2α3α
−1
2
= βα3, α2α4α
−1
2 = βα5α4, α2α5α
−1
2 = βα5, α3α6α
−1
3 = βα6, α4α5α
−1
4 = βα5〉
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and G(128, 1758) with polycyclic presentation:
〈α1, α2, α3, α4, α5, α6, β | α
2
1 = α
2
2 = α
2
3 = α
2
4 = α
2
5 = α
2
6 = β
2 = 1,
α1α2α
−1
1 = α5α2, α1α3α
−1
1 = α6α3, α1α4α
−1
1 = βα4, α2α6α
−1
2
= βα6, α3α5α
−1
3 = βα5〉
Then
AG(128,1758) = AG(128,2022) =
1/2
1− 16t
+
3/8
1− 32t
+
7/64
1− 64t
+
1/64
1− 128t
,
whereas
BG(128,1758) =
1/2
1− 4t
+
−19/8
1− 8t
+
23/8
1− 16t
BG(128,2022) =
1
1− 2t
+
−13/4
1− 4t
+
2
1− 8t
+
1
1− 16t
+
1/4
1− 32t
6. AC-Groups
A finite group G is called an AC-group, if the centralizer of every non-central
element of G is abelian. The aim of this section is to prove that two AC-groups
of same order are A-equivalent if and only if they are B-equivalent. The following
lemma gives a characterization of AC-groups:
Lemma 6.1. [Roc75, Lemma 3.2] A finite group G is an AC-group if and only
if, for all x, y ∈ G \ Z(G), if [x, y] = 1, then ZG(x) = ZG(y).
Remark 6.2. If G is an AC group, then {ZG(x) | x ∈ G \ Z(G)} is its set of
maximal abelian subgroups.
Lemma 6.3. Let G be an AC-group. If x, y ∈ G \ Z(G) have different central-
izers, then ZG(x) ∩ ZG(y) = Z(G).
Proof. For any x, y ∈ G \Z(G), if z ∈ G \Z(G) is in ZG(x)∩ZG(y), then by
Lemma 6.1, ZG(x) = ZG(z) = ZG(y). 
For a group G, k(G) denotes the number of conjugacy classes of group G.
Lemma 6.4. Let G and H be two AC-groups such that BG(t) = BH(t). Then
k(G) = k(H).
Proof. Suppose CG(n1), . . . , CG(nr) denote the number of conjugacy classes
of G having centralizers size n1, . . . , nr respectively, where n1 = |G|, i.e. CG(n1) =
|Z(G)|. With this notation we have
(1− |Z(G)|t)BG(t) = 1 +
r∑
i=2
CG(ni)t
1− nit
BG(t) =
1
(1 − |Z(G)|t)
+
1
(1− |Z(G)|t)
r∑
i=2
CG(ni)t
1− nit
.
In the above expression the coefficient of t is equal to |Z(G)|+CG(n2)+· · ·+CG(nr).
Therefore the number of conjugacy classes of G is k(G) = |Z(G)|+CG(n2) + · · ·+
CG(nr). Since BG(t) = BH(t), we have k(G) = k(H). 
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Theorem 6.5. Let G and H be two AC-groups of same order. Then AG(t) =
AH(t) if and only if BG(t) = BH(t).
Proof. Suppose CG(n1), . . . , CG(nr) denote the number of conjugacy classes
of G having centralizers size n1, . . . , nr respectively (with n1 > n2 > · · · > nr),
where n1 = |G|, i.e. CG(n1) = |Z(G)| and CH(m1), . . . , CH(ml) denote the number
of conjugacy classes of G having centralizers size m1, . . . ,ml respectively (with
m1 > m2 > · · · > ml), where m1 = |H |, i.e. CH(m1) = |Z(H)|. By hypothesis and
Lemma 6.4, we have n1 = |G| = |H | = m1 and k(G) = k(H).
Suppose BG(t) = BH(t). Now in view of the proof of Lemma 6.4, we have
(1− |Z(G)|t)BG(t) = 1 +
r∑
i=2
CG(ni)t
1− nit
BG(t) =
1
(1− |Z(G)|t)
+
1
(1 − |Z(G)|t)
r∑
i=2
CG(ni)t
1− nit
BG(t) =
−1
(|Z(G)|t− 1)
+
r∑
i=2
CG(ni)t
(|Z(G)|t− 1)(nit− 1)
BG(t) =
−1
(|Z(G)|t− 1)
+
r∑
i=2
(
CG(ni)/(ni − |Z(G)|)
(|Z(G)|t − 1)
+
−CG(ni)/(ni − |Z(G)|)
(nit− 1)
)
BG(t) =
−1 +
∑r
i=2
(
CG(ni)
(ni−|Z(G)|)
)
(|Z(G)|t− 1)
+
r∑
i=2
(
−CG(ni)/(ni − |Z(G)|)
(nit− 1)
)
.(10)
Similarly, we have
BH(t) =
−1 +
∑l
i=2
(
CH(mi)
(mi−|Z(H)|)
)
(|Z(H)|t− 1)
+
l∑
i=2
(
−CH(mi)/(mi − |Z(H)|)
(mit− 1)
)
.(11)
Since BG(t) = BH(t), the right hand sides of (10) and (11) are equal. Now by
using the uniqueness of partial fraction expansions, we get r = l, ni = mi and
CG(ni) = CH(mi). Therefore, G and H both have same class equation and hence
AG(t) = AH(t).
Conversely, suppose AG(t) = AH(t), then by Theorem 2.1 G and H both
have the same class equation. Therefore in view of Lemma 6.4, we have BG(t) =
BH(t). 
7. Computation for AG(t) for certain finite p-groups
In this section, we compute AG(t) for many classes of p-groups. We begin with
the following lemma.
Lemma 7.1. Let G be a p-group of order pm with |G/Z(G)| = p2, where p is a
prime number. Then
AG(t) =
1
pm
(
pm−2
1− pmt
+
pm − pm−2
1− pm−1t
)
.
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Proof. Let g be a non-central element of G. Then Z(G) < Z(ZG(g)) ≤
ZG(g) < G. Thus ZG(g) is abelian and G is an AC-group. Also |ZG(g)| = p
m−1
for each g ∈ G \ Z(G). Therefore by using (5), we get the required expression for
AG(t). 
Definition 7.2. Let G be a group. For a positive integer k ≥ 1, define
Xk = {g ∈ G : |ZG(g)| = k}.
Theorem 7.3. Let G be a p-group of order pm with |G/Z(G)| = p3, where p is
a prime number. Then we have following.
(7.3.1) If G has no abelian maximal subgroup, then
AG(t) =
1
pm
(
pm−3
1− pmt
+
pm − pm−3
1− pm−2t
)
.
(7.3.2) If G possesses an abelian maximal subgroup, then
AG(t) =
1
pm
(
pm−3
1− pmt
+
pm−1 − pm−3
1− pm−1t
+
pm − pm−1
1− pm−2t
)
.
Proof. Let g be any non-central element of G. Then, Z(G) < Z(ZG(g)) ≤
ZG(g). Therefore ZG(g)/Z(ZG(g)) is either trivial or cyclic of order p. Hence ZG(g)
is abelian and so G is an AC-group.
Proof of (7.3.1). Since G is an AC-group and G has no abelian maximal sub-
group, |ZG(g)| = p
m−2 for each g ∈ G \ Z(G). Therefore by using (5), we get the
required expression for AG(t).
Proof of (7.3.2). LetN be an abelian maximal subgroup ofG. ThenN = ZG(g),
for some g ∈ N \ Z(G), since N ≤ ZG(g) < G and G is an AC-group. Now by
[DGP15, Theorem 1.1] if ZG(x) is of order p
m−1 for x 6= g, then ZG(x) = ZG(g) =
N . This shows that Xpm−1 = N \ Z(G) and Xpm−2 = G \ N . Thus the result
follows from (5). 
In the next theorem, we generalize (7.3.2).
Theorem 7.4. Suppose G is a non-abelian p-group such that G has an abelian
maximal subgroup M . Then
AG(t) =
1
|G|
(
|Z(G)|
1− |G|t
+
|G| − |M |
1− p|Z(G)|t
+
|M | − |Z(G)|
1− |M |t
)
.
Proof. Since G is non-abelian, G 6= MZ(G) and so Z(G) ≤ M . Now take
g ∈ G \ M , then G = M〈g〉. This yields that M ∩ ZG(g) = Z(G) and hence
|ZG(g)/Z(G)| = p. Now if g ∈ M \ Z(G), then ZG(g) = M . Therefore we have
Xp|Z(G)| = G\M and X|M| =M \Z(G). Now use (5) to get the required expression
of AG(t). 
A group of order pm with m ≥ 4, is of maximal class if it has nilpotency class
m − 1. Let G be a p-group of maximal class with order pm. Following [LGM02,
Chapter 3], we define the 2-step centralizer Ki in G to be the centralizer in G of
γi(G)/γi+2(G) (where γi(G) denotes the ith subgroup in the lower central series of
G) for 2 ≤ i ≤ m − 2 and define Pi = Pi(G) by P0 = G, P1 = K2, Pi = γi(G) for
2 ≤ i ≤ m. Clearly Ki ≥ γ2(G) for all i. The degree of commutativity l = l(G) of
G is defined to be the maximum integer such that [Pi, Pj ] ≤ Pi+j+l for all i, j ≥ 1
if P1 is not abelian and l = m− 3 if P1 is abelian. By using the definition of P1, it
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is clear that if G is a p-group of maximal class which possesses an abelian maximal
subgroup, then P1 is abelian.
Lemma 7.5. Let G be a p-group of maximal class and order pm with positive
degree of commutativity. Suppose s ∈ G \ P1, s1 ∈ P1 \ P2 and si = [si−1, s] for
1 ≤ i ≤ m− 1. Then
(7.5.1) G = 〈s, s1〉, Pi = 〈si, . . . , sm−1〉, |Pi| = p
m−i for 1 ≤ i ≤ m − 1 and
Pm−1 = Z(G) of order p.
(7.5.2) ZG(s) = 〈s〉Pm−1, and |ZG(s)| = p
2.
Proof. (7.5.1) follows from [LGM02, Lemma 3.2.4].
(7.5.2) Since G has positive degree of commutativity, the 2-step centralizers of G are
all equal [LGM02, Corollary 3.2.7]. Now the result follows by [Hup67, Hilfssatz
III 14.13]. 
Theorem 7.6. Let G be a p-group of maximal class and order pm with positive
degree of commutativity.
(7.6.1) If G possesses an abelian maximal subgroup, then
AG(t) =
1
pm
(
p
1− pmt
+
pm − pm−1
1− p2t
+
pm−1 − p
1− pm−1t
)
.
(7.6.2) If [P1, P3] = 1 and G possesses no abelian maximal subgroup, then
AG(t) =
1
pm
(
p
1− pmt
+
pm − pm−1
1− p2t
+
pm−1 − pm−3
1− pm−2t
+
pm−3 − p
1− pm−1t
)
.
Proof of (7.6.1). Since P1 is abelian, ZG(g) = P1 for any g ∈ P1 \ Z(G).
Now by Lemma 7.5, we have |ZG(g)| = p
2 for g ∈ G \P1. Thus Xpm−1 = P1 \Z(G)
and Xp2 = G \ P1 and so result follows from (5). 
Proof of (7.6.2). Since P1 is a maximal subgroup of G, P1 is non-abelian.
As [P1, P3] = 1, we have P3 ≤ Z(P1) and therefore |P1/Z(P1)| = p
2. This shows
that, for x ∈ P1 \ Z(P1), CP1(x) is abelian and therefore P1 is an AC-group. This
yields that |CP1 (x)| = p
m−2 for each x ∈ P1\Z(P1) and |CP1(x)| = |CG(x)| = p
m−1
for each x ∈ Z(P1) \ Z(G).
Claim: CP1(x) = ZG(x) for each x ∈ P1 \ Z(P1).
On the contrary, suppose g ∈ ZG(x) \ CP1(x). Then g ∈ G \ P1 and x ∈ ZG(g).
Therefore |ZG(g)| ≥ p
3, which is a contradiction by Lemma 7.5 (2). This proves
the claim. Therefore by the above observations and Lemma 7.5 (2), we have Xp2 =
G \ P1, Xpm−2 = P1 \ Z(P1) and Xpm−1 = Z(P1) \ Z(G). Hence the result follows
from (5). 
Lemma 7.7. Let G be an extraspecial p-group of order p2n+1. Then
AG(t) =
1
p2n+1
(
p
1− p2n+1t
+
p2n+1 − p
1− p2nt
)
.
Proof. Since G is an extraspecial p group, |Z(G)| = p and |ZG(x)| = p
2n for
all x ∈ G\Z(G). We get Xp2n+1 = p and Xp2n = p
2n+1−p. Therefore result follows
from (5). 
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8. Computation for BG(t) for certain finite p-groups
We start with the following setup. Set
X = {H | 1 6= H < G such that H = ZG(x) for some x ∈ G \ Z(G)}.
Define an equivalence relation R1 on X as follows. We say for H,K ∈ X ,
HR1K if |H | = |K|. This implies that there exists integers n1, . . . , nk with ni | |G|
for all i and X =
⋃k
i=1Xni , where Xni = {H ∈ X | |H | = ni}. For each i, define
an equivalence relation R2 on Xni as follows. We say for H,K ∈ Xni , HR2K if
H is isomorphic to K. Let Yni be a representative set for the equivalence classes
Xni/R2 for each i. Then under the above setup (6) can rewritten as follows.
BG(t) =
1
(1− |Z(G)|t)
(
1 +
k∑
i=1
∑
H∈Yni
cHtBH(t)
)
,(12)
where cH denote the number of conjugacy classes of G whose centralizer is isomor-
phic to a subgroup H . We will use equation (12) to calculate BG(t).
Lemma 8.1. Let G be an AC-group. Then
BG(t) =
1
(1− |Z(G)|t)
(
1 +
k∑
i=1
∑
H∈Yni
cHt
(1− |H |t)
)
.
Proof. Since G is an AC-group, ZG(x) is an abelian subgroup for all x ∈
G \ Z(G). Therefore the assertion follows from the fact that for an abelian group
K, BK(t) =
1
1−|K|t . 
Theorem 8.2. Let G be a p-group of order pm with |G/Z(G)| = p2, where p is
a prime number. Then
BG(t) =
1− pm−3t
(1− pm−2t)(1 − pm−1t)
.
Proof. For each g ∈ G, let clG(g) denote its conjugacy class in G. Since
|G/Z(G)| = p2, ZG(x) is an abelian subgroup of order p
m−1 for all x ∈ G \ Z(G).
Therefore |clG(x)| = p for each x ∈ G \ Z(G). Therefore the total number of
conjugacy classes of G is equal to r = |Z(G)|+ |G|−|Z(G)|p = p
m−2 + pm−1 − pm−3.
Suppose Ypm−1 = {H1, . . . , Hn}. Then cH1 + · · ·+cHn = r−|Z(G)| = p
m−1−pm−3.
Therefore by Lemma 8.1, we get
BG(t) =
1
(1− pm−2t)
(
1 +
∑
H∈Y
pm−1
cHt
(1− |H |t)
)
=
1
(1− pm−2t)
(
1 +
(cH1 + · · ·+ cHn)t
(1− pm−1t)
)
=
1
(1− pm−2t)
(
1 +
(pm−1 − pm−3)t
(1− pm−1t)
)
=
1− pm−3t
(1− pm−2t)(1 − pm−1t)
.
This proves the theorem. 
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Theorem 8.3. Let G be a p-group of order pm with |G/Z(G)| = p3, where p is
a prime number. Then we have following.
(8.3.1) If G has no abelian maximal subgroup, then
BG(t) =
1− pm−5t
(1− pm−2t)(1 − pm−3t)
.
(8.3.2) If G possesses an abelian maximal subgroup, then
BG(t) =
1
(1− pm−3t)
(
1 +
(pm−2 − pm−4)t
1− pm−1t
+
(pm−2 − pm−3)t
(1 − pm−2t)
)
.
Proof. In view of the proof of Theorem 7.3, G is an AC-group.
Proof of (8.3.1). If G has no abelian maximal subgroup, then |ZG(x)| = p
m−2
for each x ∈ G\Z(G) and |clG(x)| = p
2 for all x ∈ G\Z(G). Thus the total number
of conjugacy classes of G is equal to r = |Z(G)|+ |G|−|Z(G)|p2 = p
m−3+pm−2−pm−5.
Suppose Ypm−2 = {H1, . . . , Hn}. Then cH1 + · · ·+cHn = r−|Z(G)| = p
m−2−pm−5.
Therefore by Lemma 8.1, we get
BG(t) =
1
(1− pm−3t)
(
1 +
∑
H∈Y
pm−2
cHt
(1− |H |t)
)
=
1
(1− pm−3t)
(
1 +
(cH1 + · · ·+ cHn)t
(1− pm−2t)
)
=
1
(1− pm−3t)
(
1 +
(pm−2 − pm−5)t
(1− pm−2t)
)
=
1− pm−5t
(1− pm−2t)(1 − pm−3t)
.
Proof of (8.3.2). Let N be a maximal abelian subgroup of G. Then in view of
the proof of Theorem 7.3(2), ZG(x) = N for all x ∈ N \Z(G) and |ZG(x)| = p
m−2
for all x ∈ G \ N . This shows that the total number of conjugacy classes of G is
equal to r = |Z(G)| + |N |−|Z(G)|p +
|G|−|N |
p2 = p
m−3 + (pm−2 − pm−4) + (pm−2 −
pm−3) = 2pm−2 − pm−4. Suppose Ypm−2 = {H1, . . . , Hn}. Then cH1 + · · ·+ cHn =
r − (cN + |Z(G)|) = r − (p
m−2 − pm−4 + pm−3) = pm−2 − pm−3. Therefore by
Lemma 8.1, we get
BG(t) =
1
(1− pm−3t)
(
1 +
cN t
1− pm−1t
+
∑
H∈Y
pm−2
cHt
(1− |H |t)
)
=
1
(1− pm−3t)
(
1 +
(pm−2 − pm−4)t
1− pm−1t
+
(cH1 + · · ·+ cHn)t
(1− pm−2t)
)
=
1
(1− pm−3t)
(
1 +
(pm−2 − pm−4)t
1− pm−1t
+
(pm−2 − pm−3)t
(1− pm−2t)
)
.
This proves the theorem. 
Lemma 8.4. Let Gp2n+1 be an extraspecial p-group of order p
2n+1. If p is an
odd prime then
BG
p2n+1
(t) =
1
1− pt
(
1 + (p2n − 1)tBG
p2n−1
(pt)
)
; n > 1
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and
BG
p3
(t) =
1− t
(1− pt)(1 − p2t)
.
If p = 2, then
BG
22n+1
(t) =
1
1− 2t
(
1 + (22n − 1)tBG
22n−1
(4t)
)
; n > 1
and
BG8(t) =
1− t
(1− 2t)(1− 4t)
.
Proof. Since G is an extraspecial p-group, Z(G) = G′ is of order p and
|ZG(x)| = p
2n for all x ∈ G \ Z(G). This shows that |clG(x)| = p for all x ∈
G \ Z(G) and hence the total number of conjugacy classes of G is equal to r =
|Z(G)|+ |G|−|Z(G)|p = p
2n + p− 1.
We first consider the case when p is an odd prime. The extraspecial p-group of
order p2n+1 is isoclinic to the group;
〈a1, . . . , an, b1, . . . , bn, c | a
p
i = b
p
i = c
p = 1, biai = aibic; 1 ≤ i ≤ n〉.
The above group is of exponent p. Using corollary 4.4, it is enough to compute BG(t)
for the above group. From now onwards, we call this group Gp2n+1 . Consider n > 1.
If x ∈ Gp2n+1 \ Z(Gp2n+1), then CGp2n+1 (x) is isomorphic to group 〈x〉 × Gp2n−1 .
Using (6), we get
BG
p2n+1
(t) =
1
1− pt
(
1 + (p2n − 1)tBCG
p2n+1
(x)(t)
)
=
1
1− pt
(
1 + (p2n − 1)tB〈x〉×G
p2n−1
(t)
)
Now using Corollary 4.4 and the fact that order of x is p, we getB〈x〉×G
p2n−1
(t)) =
BG
p2n−1
(pt)). Therefore we get
BG
p2n+1
(t) =
1
1− pt
(
1 + (p2n − 1)tBG
p2n−1
(pt)
)
.
Now consider n = 1. If x ∈ Gp3 \ Z(Gp3), then CGp3 (x) is isomorphic to group
〈x, Z(Gp3)〉, an abelian group of order p
2. Using (6), we get
BG
p3
(t) =
1
1− pt
(
1 +
(p2 − 1)t
(1− p2t)
)
=
1− t
(1− pt)(1− p2t)
.
We now consider the case when p = 2. The extraspecial 2-group of order 22n+1
is isoclinic to the group:
〈a1, . . . , an, b1, . . . , bn, | a
4
i = b
2
i = 1, biai = a
−1
i bi, a
2
1 = · · · = a
2
n; 1 ≤ i ≤ n〉.
Using Corollary 4.4, it is enough to compute BG(t) for the above group. From
now onwards, we call this group G22n+1 . Consider n > 1. Let H = 〈a1, a2, . . . , an〉
be a subgroup of G22n+1 . If x ∈ H \ Z(G22n+1), then CG22n+1 (x) is isomorphic to
group 〈x〉 × G22n−1 . If x ∈ G22n+1 \ H, then CG22n+1 (x) is isomorphic to group
〈x, Z(G22n+1)〉×G22n−1 . It is easy to compute that if x ∈ H \Z(G22n+1), then order
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of x is 4 and if x ∈ G22n+1 \H, then order of x is 2. This along with Theorem 4.3
implies for all x ∈ G22n+1 \ Z(G22n+1),
BCG
22n+1
(x)(t) = BG22n−1 (4t).
Therefore using (6), we get
BG
22n+1
(t) =
1
1− 2t
(
1 + (22n − 1)tBG
22n−1
(4t)
)
.
Now consider n = 1. The groups G8 is isoclinic to the dihedral group of order
8. We know that if x ∈ G8 \ Z(G8), then CG8(x) is an abelian group of order 4.
Using (6), we get
BG8(t) =
1
1− 2t
(
1 +
3t
(1 − 4t)
)
=
1− t
(1− 2t)(1− 4t)
.

Theorem 8.5. Let G be a p-group of maximal class and order pm with positive
degree of commutativity.
(8.5.1) If G possesses an abelian maximal subgroup, then
BG(t) =
1
(1 − pt)
(
1 +
(pm−2 − 1)t
(1− pm−1t)
+
(p2 − p)t
1− p2t
)
.
(8.5.2) If [P1, P3] = 1 and G possesses no abelian maximal subgroup, then
BG(t) =
1
(1− pt)
(
1 +
(pm−4 − 1)t(1− pm−4t)
(1− pm−2t)(1 − pm−3t)
+
(pm−3 − pm−5)t
(1− pm−2t)
+
(p2 − p)t
(1− p2t)
)
.
Proof of (8.5.1). In view of the proof of Theorem 7.6.1, we have P1 is an
abelian subgroup of order pm−1, ZG(x) = P1 for all x ∈ P1 \Z(G) and |ZG(x)| = p
2
for all x ∈ G \ P1. This implies that the total number of conjugacy classes is equal
to r = |Z(G)|+ |P1|−|Z(G)|p +
|G|−|P1|
pm−2 = p
m−2+p2−1. Suppose Yp2 = {H1, . . . , Hn}.
Then cH1 + · · ·+cHn = r− (cP1 + |Z(G)|) = p
m−2+p2−1− (pm−2−1+p) = p2−p.
Therefore by Lemma 8.1 , we get
BG(t) =
1
(1− pt)
(
1 +
cP1t
(1− pm−1t)
+
∑
H∈Y
p2n
cHt
(1− |H |t)
)
=
1
(1− pt)
(
1 +
(pm−2 − 1)t
(1− pm−1t)
+
(cH1 + · · ·+ cHl)t
(1− p2t)
)
=
1
(1− pt)
(
1 +
(pm−2 − 1)t
(1− pm−1t)
+
(p2 − p)t
1− p2t
)
.

Proof of (8.5.2). In view of the proof of Theorem 7.6.2, we have following
observations.
(1) P1 is a non-abelian AC-group of order p
m−1 with |P1/Z(P1)| = p
2.
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(2) For all x ∈ P1\Z(P1), ZG(x) = CP1(x) is an abelian subgroup of order
pm−2.
(3) For all x ∈ Z(P1) \ Z(G), ZG(x) = P1 is of order p
m−1.
(4) |ZG(x)| = p
2 for all x ∈ G \ P1.
By using the above observations, we have the total number of conjugacy classes is
equal to r = |Z(G)|+ |Z(P1)|−|Z(G)|p +
|P1|−|Z(P1)|
p2 +
|G|−|P1|
pm−2 = p
m−4+ pm−3+ p2−
pm−5 − 1. Let K = CP1(x) = ZG(x) is an abelian subgroup of order p
m−2. Then
cK = p
m−3 − pm−5 and cP1 = p
m−4 − 1. Suppose YP 2(G) = {H1, . . . , Hl}. Then
cH1 + · · ·+ cHl = p
2 − p. Therefore by equation (12), we get
BG(t) =
1
(1− pt)
(
1 + cP1tBP1(t) +
cKt
(1− pm−2t)
+
∑
H∈Y
p2
cHt
(1 − |H |t)
)
.(13)
By Theorem 8.2, we get
BP1(t) =
(1 − pm−4t)
(1− pm−2t)(1− pm−3t)
.
Now use the value of cP1 , cK and BP1(t) in equation (13), we get
BG(t) =
1
(1 − pt)
(
1 +
(pm−4 − 1)t(1− pm−4t)
(1− pm−2t)(1− pm−3t)
+
(pm−3 − pm−5)t
(1− pm−2t)
+
(p2 − p)t
(1− p2t)
)
.
This proves the theorem. 
9. Computation of AG(t), BG(t) for Frobenius groups
In this section, we compute AG(t), BG(t) for a general class of examples, the
Frobenius groups. A Frobenius group is defined as a group which satisfies the
conditions of the Frobenius’s Theorem ([Hal40, page 292], [Sch40]). There are
two formulations of Frobenius’s Theorem and accordingly there are two equivalent
definition of Frobenius group.
A group G is said to be a Frobenius group if and only if there exist a proper
non-trivial subgroup H such that H ∩ gHg−1 = {1} for all g ∈ G \H . A subgroup
H with these properties is called a Frobenius complement of G. The Frobenius
kernel of G, with respect to H , is defined by
N =
(
G \
⋃
g∈G
gHg−1
)
∪ {1}.
Thus G is a split extension of N by H , i.e., G = N ×φH , for some homomorphism
φ : H −→ Aut(N). This corresponds to following equivalent definition: a group
G is a Frobenius group if and only if G admits a faithful representation on m
letters as a transitive permutation group with the following properties: (a) no
permutation except the identity leaves two letters fixed, and (b) there exists a
permutation leaving exactly one letter fixed. The Frobenius kernel corresponds to
the set of fixed-point-free elements together with the identity. Symmetric group S3
and dihedral group D2n, with n odd are well known example of Frobenius group.
In the following lemma, we quote some properties of Frobenius group.
Lemma 9.1. [Kar92, Chapter 37] Let G be a Frobenius group with Frobenius
kernel N and Frobenius complement H. Then
(9.1.1) The complements of N in G are conjugate to H.
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(9.1.2) CG(x) = CN (x) for all x ∈ N \ {1}.
(9.1.3) |H | divides (|N | − 1) and hence (|H |, |N |) = 1.
(9.1.4) No element of H \ {1} commutes with any element of G \H. There-
fore no element of any of the sections H \ {1}, g2Hg
−1
2 \ {1}, g3Hg
−1
3 \
{1}, . . . , g|N |Hg
−1
|N | \ {1}, N \ {1}, commutes with any element of an-
other.
(9.1.5) Z(G) = {1}.
(9.1.6) k(G) = k(H)+ k(N)−1|H| , where k(G), k(H) and k(N) denote the number
of conjugacy classes in G, in H and in N respectively.
Theorem 9.2. Let G be a Frobenius group with Frobenius kernel N and Frobe-
nius complement H. Then
|G|AG(t) =
1
(1 − |G|t)
+
(
|N |AN (t)−
1
(1− |N |t)
)
+ |N |
(
|H |AH(t)−
1
(1− |H |t)
)
.
Proof. Let g1 = 1, g2, . . . , g|N | be a set of coset representatives of H in G.
Then
(14) G = {1} ∪ (N \ {1}) ∪
|N |
i=1 (H
gi \ {1}).
Now by equation 2, we have
|G|AG(t) =
∑
g∈G
1
1− |ZG(g)|t
=
1
1− |G|t
+
∑
g∈G\{1}
1
1− |ZG(g)|t
=
1
1− |G|t
+
∑
g∈N\{1}
1
1− |ZG(g)|t
+
∑
g∈Hg1\{1}
1
1− |ZG(g)|t
+
∑
g∈Hg2\{1}
1
1− |ZG(g)|t
+ · · ·+
∑
g∈H
g|N|\{1}
1
1− |ZG(g)|t
(by equation 14)
=
1
1− |G|t
+
∑
g∈N\{1}
1
1− |ZN (g)|t
+
∑
g∈Hg1\{1}
1
1− |ZG(g)|t
+
∑
g∈Hg2\{1}
1
1− |ZG(g)|t
+ · · ·+
∑
g∈H
g|N|\{1}
1
1− |ZG(g)|t
=
1
1− |G|t
+
(
|N |AN (t)−
1
1− |N |t
)
+ |N |
( ∑
g∈Hg1\{1}
1
1− |ZG(g)|t
)
=
1
1− |G|t
+
(
|N |AN (t)−
1
1− |N |t
)
+ |N |
(
|H |AH(t)−
1
1− |H |t
)
.
This completes the proof. 
Theorem 9.3. Let G be a Frobenius group with Frobenius kernel N and Frobe-
nius complement H. Then
(1 − t)BG(t) = 1 +
1
|H |
(
(1− t)BN (t)− 1
)
+
(
(1− t)BH(t)− 1
)
.
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Proof. Let g1 = 1, g2, . . . , g|N | be a set of coset representatives of H in G.
Since Z(G) = 1, by equation 6, we have
(1− t)BG(t) = 1 +
∑
|L|<|G|
cGL tBL(t)
= 1 +
∑
L⊆N
cGL tBL(t) +
∑
L⊂
⋃|N|
i=1
giHg
−1
i
cGL tBL(t)
= 1 +
1
|H |
[ ∑
L⊆N
|H |cGL tBL(t)
]
+
∑
L⊂
⋃|N|
i=1
giHg
−1
i
cGL tBL(t)
= 1 +
1
|H |
[ ∑
L⊆N
cNL tBL(t)
]
+
∑
L⊂
⋃|N|
i=1
giHg
−1
i
cGL tBL(t)
= 1 +
1
|H |
[
(1− t)BN (t)− 1
]
+
∑
L⊂
⋃|N|
i=1 giHg
−1
i
cGL tBL(t).
If L = CG(x) ∩ N = 1, Then by Lemma 9.1 (4), L ⊂ giHg
−1
i for some i. By
Lemma 9.1 (6), it is clear that number of conjugacy classes of H contributes the
same number of conjugacy classes in G. Since H is isomorphic to giHg
−1
i for all i,
it is sufficient to run the centralizers over the set of centralizers of elements of H
in G. For h 6= 1 ∈ H , if y ∈ clG(h), then y = gihg
−1
i and CG(y) = giCG(h)g
−1
i for
some i. Therefore, we have∑
L⊂
⋃|N|
i=1
giHg
−1
i
cGL tBL(t) =
∑
L⊆H
cHL tBL(t)
= (1− t)BH(t)− 1.
Thus, we get
(1 − t)BG(t) = 1 +
1
|H |
(
(1− t)BN (t)− 1
)
+
(
(1− t)BH(t)− 1
)
.
This completes the proof. 
The following are immediate consequences of Theorem 9.2 and Theorem 9.3.
Corollary 9.3.1. Suppose G is a Frobenius group with abelian Frobenius ker-
nel N and abelian Frobenius complement H. Then
AG(t) =
1
|G|
[
1
(1− |G|t)
+
|N | − 1
(1 − |N |t)
+
|N |(|H | − 1)
(1− |H |t)
]
and
BG(t) =
1
(1 − t)
[
1 +
(|N | − 1)t
|H |(1− |N |t)
+
(|H | − 1)t
(1 − |H |t)
]
.
Corollary 9.3.2. Suppose G1 = N1H1 and G2 = N2H2 are two Frobenius
groups with Frobenius kernels N1, N2 and Frobenius complements H1, H2 respec-
tively. If N1 is isoclinic to N2 and H1 is isoclinic to H2 with |N1| = |N2|,
|H1| = |H2|. Then AG1(t) = AG2(t) and BG1(t) = BG2(t).
Corollary 9.3.3. Let D2n := {α, β | α
n = β2 = 1, αβ = α−1} be dihedral
group of order 2n with n odd. Then
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(9.3.1) AD2n(t) =
1
2n
(
1
1− 2nt
+
n
1− 2t
+
n− 1
1− nt
)
.
(9.3.2) BD2n(t) =
1
(1− t)
(
1 +
(n− 1)t
2(1− nt)
+
t
1− 2t
)
.
Proof. Since D2n with n odd is a Frobenius group with Frobenius kernel
N = 〈α〉 of order n and Frobenius complement H = 〈β〉 of order 2. Now by
Corollary 9.3.1, we have
AD2n(t) =
1
2n
(
1
1− 2nt
+
n
1− 2t
+
n− 1
1− nt
)
and
BD2n(t) =
1
(1− t)
(
1 +
(n− 1)t
2(1− nt)
+
t
1− 2t
)
.
This completes the proof. 
Example 9.4. (Frobenius group with non-abelian Frobenius kernel)
(1). Let G be the Frobenius group with kernel isomorphic to direct product of
two copies of cyclic group of order 3 and Frobenius complement is Q8. In the small
group library GAP, the id of this group is G(72, 41). It is projective special unitary
group PSU(3, 2). Now by using Lemma 7.7 and Theorem 9.2, we get
AG(t) =
1
72
[
1
1− 72t
+
8
1− 9t
+
54
1− 4t
+
9
1− 8t
]
.
Using Lemma 8.4 and Theorem 9.3, we get
BG(t) =
1
8
(
1
1− 9t
−
1
1− t
)
+
1− t
(1 − 2t)(1− 4t)
.
(2). Let E(7) := 〈x, y, z | x7 = y7 = z7 = 1, [x, z] = [y, z] = 1, [x, y] = z〉 be an
extraspecial 7-group with exponent 7. Consider φ ∈ Aut(E(7)) defined by
φ(x) = x2z, φ(y) = y2, φ(z) = z4.
It is easy to check that φ is fixed point free automorphism and order of φ is 3. Set
H = 〈φ〉. Then the corresponding semi-direct product G = E(7)H is a Frobenius
group of order 1029 with Frobenius kernel E(7) and Frobenius complement H .
Then using Lemma 7.7 and Theorem 9.2, we get
AG(t) =
1
1029
[
1
1− 1029t
+
6
1− 343t
+
336
1− 49t
+
686
1− 3t
]
.
Using Lemma 8.4 and Theorem 9.3, we get
BG(t) =
1− t
3(1− 7t)(1− 49t)
−
1
3(1− t)
+
1
1− 3t
.
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10. Isoclinism families of rank at most 5
Let p be an odd prime number. The approach of P. Hall to the classification
of p-groups was based on the concept isoclinism, which was introduced by P. Hall
himself. Since isoclinism is an equivalence relation on the class of all groups, one
can consider equivalence class widely known as isoclinism family. It follows from
[Hal40, p. 135] that there exists a finite p-group H in the isoclinism family of G
such that Z(H) ≤ H ′. Such a group H is called a stem group in the isoclinism
family of G. In other words, every isoclinism family contains a stem group. Two
stem groups in the same family are necessarily of the same order, and if G is any
group, then the order of the stem groups in the isoclinism family of G is given by
|G/Z(G)||Z(G) ∩ G′|. The stem groups of an isoclinic family are all the groups in
the family with the minimal order (within the family) [Hal40, Section 3]. In the
case of isoclinism families of p-groups, the stem groups will themselves be p-groups.
If the stem groups of an isoclinic family of group G has order pr, then r is called
the rank of the family [Hal40, Section 4].
The p-groups of rank at most 5 are classified in 10 isoclinism families respec-
tively by P. Hall [Hal40, Jam80]. In this section, we use notations of the paper
[Jam80]. We will use not only the results of the previous sections but, more cru-
cially, also use the classification of p-groups of rank ≤ 5 by R. James ([Jam80,
Section 4.5]). We pick one stem group G from each isoclinism family Φk of p-
groups of rank at most 5 and compute the generating functions AG(t) and BG(t).
Then we use Theorem 4.3 to get generating functions for all groups in the isoclinic
family Φk. We note that this gives us generating functions for all p-groups of order
at most p5.
The groups are given by polycyclic presentation, in which all the relations of
the form [x, y] = x−1y−1xy = 1 between the generators have been omitted from
the list. We begin with the computation of expression AG(t).
Lemma 10.1. Let G be a p-group of order pm of rank 3. Then
AG(t/|G|) =
1− p−2
1− p−1t
+
p−2
1− t
.
Proof. All p-groups of rank 3 are isoclinic and belongs to the family Φ2. If
G ∈ Φ2, then |G/Z(G)| = p
2 [Hal40, Section 4]. Now we get AG(t) using Lemma
7.1. We normalize this expression to obtain the result.

Lemma 10.2. Let G be a p-group of order pm of rank 4. Then
AG(t/|G|) =
1− p−1
1− p−2t
+
p−1 − p−3
1− p−1t
+
p−3
1− t
.
Proof. All p-groups of rank 4 are isoclinic and belongs to the family Φ3
[Hal40, Section 4]. We consider the group G = Φ3(1
4). The group G is a stem
group in isoclinic family Φ3 and |G/Z(G)| = p
3 [Jam80, Section 4.5]. Groups of
order p4 has an abelian maximal subgroup [Sco64, 6.5.1]. Using Theorem 7.3(2),
we get
AG(t) =
1
p4
(
p
1− p4t
+
p3 − p
1− p3t
+
p4 − p3
1− p2t
)
.
Now using Theorem 4.3, we get AG(t) and we normalize the expression to obtain
the result. 
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Lemma 10.3. Let G be a p-group of order pm of rank 5 and let G ∈ {Φ4,Φ5,Φ6}.
(10.3.1) If G ∈ Φ4, then AG(t/|G|) =
1− p−1
1− p−2t
+
p−1 − p−3
1− p−1t
+
p−3
1− t
.
(10.3.2) If G ∈ Φ5, then AG(t/|G|) =
1− p−4
1− p−1t
+
p−4
1− t
.
(10.3.3) If G ∈ Φ6, then AG(t/|G|) =
1− p−3
1− p−2t
+
p−3
1− t
.
Proof. (1) Let G = Φ4(1
5) be a stem group in the family Φ4. The group G
has a polycyclic presentation
G = 〈α, α1, α2, β1, β2 | [αi, α] = βi, α
p = αpi = β
p
i = 1 (i = 1, 2)〉.
Here Z(G) = G′ = 〈β1, β2〉, |G/Z(G)| = p
3 and H = 〈α1, α2, β1, β2〉 is an abelian
maximal subgroup of G. Using Theorem 7.3(2), we get
AG(t) =
1
p5
(
p2
1− p5t
+
p4 − p2
1− p4t
+
p5 − p4
1− p3t
)
.
Now using Theorem 4.3, we get AG(t) and we normalize the expression to obtain
the result.
(2) Let G = Φ5(1
5) be a a stem group in the family Φ5. The group G has a
polycyclic presentation
G = 〈α1, α2, α3, α4, β | [α1, α2] = [α3, α4] = β, α
p
1 = α
p
2 = α
p
3 = α
p
4 = β
p = 1〉.
We compute that Z(G) = 〈β〉 is group of order p and G/Z(G) = 〈α1, α2, α3, α4〉 is
an elementary abelian p-group of order p4. This implies that G is an extraspecial
p-group of order p5. Using Lemma 7.7, we get
AG(t) =
1
p5
(
p
1− p5t
+
p5 − p
1− p4t
)
.
Now using Theorem 4.3, we get AG(t) and we normalize the expression to obtain
the result.
(3) Let G = Φ6(1
5) be a stem group in the family Φ6. The group G has a polycyclic
presentation
G = 〈α1, α2, β, β1, β2 | [α1, α2] = β, [β, αi] = βi, α
p
i = β
p = βpi = 1 (i = 1, 2)〉.
Here Z(G) = 〈β1, β2〉, |G/Z(G)| = p
3. Note that G has no abelian maximal
subgroup. Using Theorem 7.3(1), we get
AG(t) =
1
p5
(
p2
1− p5t
+
p5 − p2
1− p3t
)
.
Now using Theorem 4.3, we get AG(t) and we normalize the expression to obtain
the result. 
Lemma 10.4. Let G be a p-group of order pm of rank 5 and G belongs to isoclinic
family Φ7. Then
AG(t/|G|) =
1− p−2
1− p−2t
+
p−2 − p−4
1− p−1t
+
p−4
1− t
.
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Proof. Let G = Φ7(1
5) be a stem group in the family Φ7. The group G has a
polycyclic presentation
G = 〈α, α1, α2, α3, β | [αi, α] = αi+1, [α1, β] = α3, α
p = α
(p)
1 = α
p
i+1 = β
p =
1 (i = 1, 2)〉,
where α
(p)
1 denotes α
p
1α
(p2)
2 α
(p3)
3 . If p > 3, the relation α
(p)
1 = 1, together with
other power relations, implies αp1 = 1. If p = 3, the relation α
(p)
1 = 1, together with
other power relations, implies α31α3 = 1. We compute for all prime numbers p, the
group G has center Z(G) = 〈α3〉 and G
′ = 〈α2, α3〉. Now by Lemma [PDG17,
Lemma 4.5], (G,Z(G)) is a Camina pair and hence for every element g ∈ G\Z(G),
gZ(G) ⊆ clG(g). As we know for g ∈ G \ G
′, clG(g) ⊆ gG
′, this yields that
|ZG(g)| = p
3 or p4 for g ∈ G \ Z(G). Consider the subgroup H = 〈α2, α3, β〉.
By the relation among the generators, it is routine check that Xp4 = H \ Z(G),
Xp3 = G \H . Using equation (5), we get
AG(t) =
1
p5
(
p
1− p5t
+
p3 − p
1− p4t
+
p5 − p3
1− p3t
)
.
Now using Theorem 4.3, we get AG(t) and we normalize the expression to obtain
the result. 
Lemma 10.5. Let G be a p-group of order pm of rank 5 and G belongs to isoclinic
family Φ8. Then
AG(t/|G|) =
1− p−2
1− p−2t
+
p−2 − p−4
1− p−1t
+
p−4
1− t
.
Proof. Let G = Φ8(32) be a stem group in the family Φ8. The group G has
a polycyclic presentation
G = 〈α1, α2, β | [α1, α2] = β = α
p
1, β
p2 = αp
2
2 = 1〉.
Here Z(G) = 〈βp〉 and G′ = 〈β〉 and Φ(G) = 〈β, αp2〉. By Lemma [PDG17,
Lemma 4.6], (G,Z(G)) is a Camina pair and hence for every element g ∈ G\Z(G),
gZ(G) ⊆ clG(g). Since |G
′| = p2, this show that |ZG(g)| = p
3 or p4 for g ∈ G \G′.
By the relation among the generators, we have, α−12 α1α2 = α1β, [β, α2] = β
p,
[β, αp2] = 1 and [α1, α
p
2] = (βα
−1
2 )
pαp2. With these relations, it is easy to see that
Xp4 = Φ(G) \ Z(G) and Xp3 = G \ Φ(G). Using equation (5), we get
AG(t) =
1
p5
(
p
1− p5t
+
p3 − p
1− p4t
+
p5 − p3
1− p3t
)
.
Now using Theorem 4.3, we get AG(t) and we normalize the expression to obtain
the result. 
Lemma 10.6. Let G be a p-group of order pm of rank 5 and G belongs to isoclinic
family Φ9. Then
AG(t/|G|) =
1− p−1
1− p−3t
+
p−1 − p−4
1− p−1t
+
p−4
1− t
.
Proof. Let G = Φ9(1
5) be a stem group in the isoclinic family Φ9. The group
G has a polycyclic presentation
G = 〈α, α1, α2, α3, α4 | [αi, α] = αi+1, α
p = α
(p)
1 = α
(p)
i+1 = 1 (i = 1, 2, 3)〉,
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where α
(p)
i+1 denotes α
p
i+1α
(p2)
i+2 . . . α
(pp)
i+p. If p > 3, the relation α
(p)
1 = 1, together
with other power relations, implies αp1 = 1 and this forces α
p
i+1 = 1 for i = 1, 2, 3.
If p = 3, then the relations α
(p)
i+1 = 1 for i = 1, 2, 3 imply α
3
2α4 = α
3
3 = α
3
4 = 1
and the relation α
(p)
1 = 1, together with other relations, implies α
3
1α
3
2α3 = 1. We
compute for all prime numbers p, nilpotency class of G is 4, M = 〈α1, α2, α3, α4〉
is an abelian maximal subgroup and degree of commutativity is positive. Using
Theorem 7.6(1), we get
AG(t) =
1
p5
(
p
1− p5t
+
p5 − p4
1− p2t
+
p4 − p
1− p4t
)
.
Now using Theorem 4.3, we get AG(t) and we normalize the expression to obtain
the result. 
Lemma 10.7. Let G be a p-group of order pm of rank 5 and G belongs to isoclinic
family Φ10. Then
AG(t/|G|) =
1− p−1
1− p−3t
+
p−1 − p−3
1− p−2t
+
p−3 − p−4
1− p−1t
+
p−4
1− t
.
Proof. Let G = Φ10(1
5) be a stem group of isoclinic family Φ10. The group
G has a polycyclic presentation
G = 〈α, α1, α2, α3, α4 | [αi, α] = αi+1, [α1, α2] = α4, α
p = α
(p)
1 = α
(p)
i+1 = 1 (i =
1, 2, 3)〉,
where α
(p)
i+1 denotes α
p
i+1α
(p2)
i+2 . . . α
(pp)
i+p. If p > 3, the relation α
(p)
1 = 1, together
with other power relations, implies αp1 = 1 and this forces α
p
i+1 = 1 for i = 1, 2, 3.
If p = 3, then the relations α
(p)
i+1 = 1 for i = 1, 2, 3 imply α
3
2α4 = α
3
3 = α
3
4 = 1
and the relation α
(p)
1 = 1, together with other relations, implies α
3
1α
3
2α3 = 1. We
compute for all prime numbers p, the group G has center Z(G) = 〈α4〉, G
′ =
γ2(G) = 〈α2, α3, α4〉, γ3(G) = 〈α3, α4〉 and γ4 = Z(G) The nilpotency class of G
is 4 and degree of commutativity is positive. Observe that P1 = 〈α1, α2, α3, α4〉 is
non-abelian, [P1, P3] = 1 and G has no abelian maximal subgroup. Using Theorem
7.6(2), we get
AG(t) =
1
p5
(
p
1− p5t
+
p5 − p4
1− p2t
+
p4 − p2
1− p3t
+
p2 − p
1− p4t
)
.
Now using Theorem 4.3, we get AG(t) and we normalize the expression to obtain
the result. 
Now we compute BG(t) for families of p-groups of rank at most 5 by picking
one stem group from each of the 10 isoclinic families of these groups.
Lemma 10.8. Let G be a p-group of order pm of rank 3. Then
BG(t/|G|) =
−p−1
1− p−2t
+
1 + p−1
1− p−1t
.
Proof. In the view of proof of Lemma 10.1, we get if G is a p-groups of
rank 3 then |G/Z(G)| = p2. Using Theorem 8.2, we get BG(t). We normalize this
expression to obtain the result. 
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Lemma 10.9. Let G be a p-group of order pm of rank 4. Then
BG(t/|G|) =
−p−1
1− p−3t
+
1
1− p−2t
+
p−1
1− p−1t
.
Proof. In the view of proof of Lemma 10.2, we consider a stem group G =
Φ3(1
4) of isoclinic family φ3. Then |G/Z(G)| = p
3 and G has an abelian maximal
subgroup. Therefore using Theorem 8.3 (2), we compute
BG(t) =
1
1− pt
(
1 +
(p2 − 1)t
1− p3t
+
(p2 − p)t
1− p2t
)
.
Now we use Theorem 4.3 to get BG(t) and we normalize this expression to obtain
the result. 
Lemma 10.10. Let G be a p-group of order pm of rank 4. let G ∈ {Φ4,Φ5,Φ6}.
(10.10.1) If G ∈ Φ4, then
BG(t/|G|) =
−p−1
1− p−3t
+
1
1− p−2t
+
p−1
1− p−1t
.
(10.10.2) If G ∈ Φ5, then
BG(t/|G|) =
1
1− p−4t
+
−p− 1− p−1 − p−2
1− p−3t
+
p+ 1 + p−1 + p−2
1− p−2t
.
(10.10.3) If G ∈ Φ6, then
BG(t/|G|) =
−p−1 − p−2
1− p−3t
+
1 + p−1 + p−2
1− p−2t
.
Proof. (10.10.1) In the view of proof of Lemma 10.3(1) we get that for a
stem group G = Φ4(1
5) of isoclinic family φ4, we have |G/Z(G)| = p
3.
Also the group G has an abelian maximal subgroup. From Theorem
8.3 (2), we get
BG(t) =
1
1− p2t
(
1 +
(p3 − p)t
1− p4t
+
(p3 − p2)t
1− p3t
)
.
Now use Theorem 4.3 to get BG(t) and we normalize this expression
to obtain the result.
(10.10.2) Let G = Φ5(1
5) is a stem group of isoclinic family φ5. It follows proof
of Lemma 10.3(2) that G is an extraspecial p-group. Therefore using
Lemma 8.4, we get the generating function
BG(t) =
1− t
(1− pt)(1− p4t)
.
Use gain use Theorem 4.3 to get BG(t) and we normalize this expres-
sion to obtain the result.
(10.10.3) Let G = Φ6(1
5) is a stem group of isoclinic family φ6. Again from
proof of Lemma 10.3(3), we get that |G/Z(G)| = p3 and G has no
abelian maximal subgroup. Now using Theorem 8.3 (1), we get
BG(t) =
1− t
(1− p3t)(1 − p2t)
.
Now use Theorem 4.3 to get BG(t) and we normalize this expression
to obtain the result.
This completes the proof of the lemma. 
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Lemma 10.11. Let G be a p-group of order pm of rank 5 and G belongs to
isoclinic family Φ7. Then
BG(t/|G|) =
−p−1 − p−2
1− p−3t
+
1 + p−1 + p−2
1− p−2t
.
Proof. Let G = Φ7(1
5) be a stem group in the family Φ7. The group G has a
polycyclic presentation
G = 〈α, α1, α2, α3, β | [αi, α] = αi+1, [α1, β] = α3, α
p = α
(p)
1 = α
p
i+1 = β
p =
1 (i = 1, 2)〉,
where α
(p)
1 denotes α
p
1α
(p2)
2 α
(p3)
3 . If p > 3, the relation α
(p)
1 = 1, together with other
power relations, implies αp1 = 1. If p = 3, the relation α
(p)
1 = 1, together with
other power relations, implies α31α3 = 1. We compute for all prime numbers p,
Z(G) = 〈α3〉 and G
′ = 〈α2, α3〉. Consider the subgroup H = 〈α2, α3, β〉 of order
p3. In the view of proof of Lemma 10.4, we get that if x ∈ G\H, then |ZG(x)| = p
3
and if x ∈ H \ Z(G), then |ZG(x)| = p
4. Using these observations, we have the
total number conjugacy classes of G is equal to r = |Z(G)| + H−|Z(G)|p +
|G|−H
p2 =
p+ (p2 − 1) + (p3 − p) = p3 + p2 − 1.
Now we consider the case when x ∈ H \Z(G). If x ∈ G′\Z(G) then we compute
that ZG(x) is isomorphic to subgroup K1 = 〈α1, α2, α3, β〉 of order p
4 with center
〈α2, α3〉 of order p
2. If x ∈ H \ G′ then we compute that ZG(x) is isomorphic to
subgroupK2 = 〈α, α2, α3, β〉 of order p
4 with center 〈α3, β〉 of order p
2. Moreover if
p > 3 then subgroups K1 and K2 are isomorphic. We note that cK1 + cK2 = p
2− 1.
Now we compute BK1(t) and BK2(t). Since both subgroups K1 and K2 are of order
p4 with center of order p2. Using Theorem 8.2, we get
BK1(t) = BK2(t) =
1− pt
(1 − p2t)(1− p3t)
.
Next if x ∈ G \ H, then ZG(x) is an abelian group. As x ∈ Z(ZG(x)) and
x /∈ Z(G) implies Z(G) ( Z(ZG(x)). Therefore |Z(ZG(x))| > p and ZG(x) is an
abelian group. Suppose Yp3(G) = {H1, . . . Hl}. Then cH1 + · · · + cHl = p
3 − p.
Therefore by (6), we get
BG(t) =
1
(1− pt)

1 +
2∑
i=1
ckitBKi(t) +
∑
H∈Y
p3
(G)
cHt
(1 − |H |t)


=
1
(1− pt)
(
1 +
(p2 − 1)t(1− pt)
(1− p2t)(1 − p3t)
+
(p3 − p)t
(1 − p3t)
)
=
(1− t)
(1− p3t)(1 − p2t)
.
Now using Theorem 4.3, we get BG(t) and we normalize the expression to obtain
the result. 
Lemma 10.12. Let G be a p-group of order pm of rank 5 and G belongs to
isoclinic family Φ8. Then
BG(t/|G|) =
−p−1 − p−2
1− p−3t
+
1 + p−1 + p−2
1− p−2t
.
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Proof. Let G = Φ8(32) be a stem group in isoclinic family Φ8. The group G
has a polycyclic presentation
G = 〈α1, α2, β | [α1, α2] = β = α
p
1, β
p2 = αp
2
2 = 1〉.
Here, Z(G) = 〈βp〉 andG′ = 〈β〉 and Φ(G) = 〈β, αp2〉. In the view of proof of Lemma
10.5, we get that if x ∈ G \ Φ(G), then |ZG(x)| = p
3 and if x ∈ Φ(G) \ Z(G), then
|ZG(x)| = p
4. Using these observations, we have the total number conjugacy classes
of G is equal to r = |Z(G)|+ |Φ(G)|−|Z(G)|p +
|G|−|Φ(G)|
p2 = p+ (p
2 − 1) + (p3 − p) =
p3 + p2 − 1.
Now we consider the case when x ∈ Φ(G)/Z(G). Here we have two cases.
If x ∈ {(αp2)
j(βp)i | 1 ≤ j ≤ p − 1, 0 ≤ i ≤ p − 1}, then ZG(x) is isomorphic
to group K1 = 〈α2, β | [α2, β] = β
p〉 of order p4. If x ∈ {(αp2)
j(β)i | 1 ≤ j ≤
p − 1, 1 ≤ i ≤ p2 − 1, i is not multiple of p}, then ZG(x) is isomorphic to group
K2 = 〈α1, α2 | [α1, α2] = (α
p
1α
−1
2 )
pαp2〉 of order p
4. We note that cK1 = p − 1 and
cK2 = p
2 − p.
Next if x ∈ G/Φ(G), then using relations of group, we compute that ZG(x) =
〈x, Z(G)〉 for x ∈ G/Φ(G), which is abelian. Suppose Yp3(G) = {H1, . . . Hl}. Then
cH1 + · · ·+ cHl = p
3 − p. Therefore by (6), we get
BG(t) =
1
(1− pt)

1 + ck1tBK1(t) + ck2tBK2(t) + ∑
H∈Y
p3
(G)
cHt
(1− |H |t)

 .(15)
Now we compute BK1(t) and BK2(t). It is easy to observe that Z(K1) =
Z(K2) = p
2. Since both groups K1 and K2 are of order p
4, by using Theorem
8.2, we get
BK1(t) = BK2(t) =
1− pt
(1 − p2t)(1− p3t)
.
Use the value of cK1 , cK2 , BK1(t) and BK2(t) in (15), we get
BG(t) =
1
(1− pt)
(
1 +
(p− 1)t(1− pt)
(1− p2t)(1 − p3t)
+
(p2 − p)t(1− pt)
(1− p2t)(1− p3t)
+
(p3 − p)t
(1 − p3t)
)
=
(1− t)
(1− p3t)(1 − p2t)
.
By Theorem 4.3, we get BG(t) and we normalize the expression to obtain the
result. 
Lemma 10.13. Let G be a p-group of order pm of rank 5 and let G ∈ {Φ9,Φ10}.
(10.13.1) If G belongs to the family Φ9, then
BG(t/|G|) =
−p−1
1− p−4t
+
1
1− p−3t
+
p−1
1− p−1t
.
(10.13.2) If G belongs to the family Φ10, then
BG(t/|G|) =
−p−1
1− p−4t
+
1− p−2
1− p−3t
+
p−1 + p−2
1− p−2t
.
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Proof. (10.13.1) We consider a stem group G = Φ9(1
5) in the isoclinic
family Φ9. In the view of proof of Lemma 10.6, we get that G is a
group of maximal class, G has an abelian maximal group and degree
of commutativity of G is positive. Now using Theorem 8.5 (1), we get
BG(t) =
1
1− pt
(
1 +
(p3 − 1)t
1− p4t
+
(p2 − p)t
1− p2t
)
.
Now use Theorem 4.3 to get BG(t) and normalize the expression to
obtain the result.
(10.13.2) Consider a stem group G = Φ10(1
5) in the isoclinic family Φ10. In the
view of proof of Lemma 10.7, we get that G is a group of maximal
class, G has no abelian maximal group and degree of commutativity
of G is positive, [P1, P3] = 1. Now using Theorem 8.5 (2), we get
BG(t) =
1
1− pt
(
1 +
(p− 1)t(1− pt)
(1− p2t)(1− p3t))
+
(p2 − 1)t
1− p3t
+
(p2 − p)t
1− p2t
)
.
We use Theorem 4.3 to get BG(t) and normalize the expression to
obtain the result.
This completes the proof of the lemma. 
2-groups of rank at most 5. Since the classification of p groups of rank
≤ 5 in [Jam80] are for odd primes, we consider the 2 groups separately in this
subsection. The following lemmas are useful in computations of expression of AG(t)
and BG(t) for 2 groups of rank ≤ 5. For sake of completion, in the first lemma of
this subsection, we consider all the Dihedral groups D2n := {α, β | α
n = β2 =
1, αβ = α−1}, when n is an even number. The dihedral groups D2n, when n is an
odd number has been considered in Corollary 9.3.3.
Lemma 10.14. Let D2n := {α, β | α
n = β2 = 1, αβ = α−1} be dihedral group
of order 2n. If n is even then
(10.14.1) AD2n(t) =
1
2n
(
2
1− 2nt
+
n
1− 4t
+
n− 2
1− nt
)
.
(10.14.2) BD2n(t) =
1
(1− 2t)
(
1 +
(n− 2)t
2(1− nt)
+
2t
1− 4t
)
.
Proof. (10.14.1) The group D2n has center 〈α
n
2 〉 of size two, when n is
even number. A non central element x in subgroup 〈α〉 has CD2n(x) =
〈α〉. Let x ∈ D2n \〈α〉, then CD2n(x) = 〈Z(D2n), x〉 is a group of order
4. Therefore Xn = n− 2 and X4 = n. We get AD2n(t) using (5).
(10.14.2) Note that D2n has 4 +
n−2
2 number of conjugacy classes, when n is
even number. There are n−22 number of conjugacy classes whose rep-
resentative has centralizer 〈α〉. Thus c〈α〉 =
n−2
2 . The centralizer of
representative of remaining two non-central conjugacy class is isomor-
phic to Klein’s four group. Using (6), we compute
BG(t) =
1
(1− 2t)
(
1 +
(n− 2)t
2(1− nt)
+
2t
1− 4t
)
.
This completes the proof. 
Lemma 10.15. Let G be a maximal class group of order 2n;n ≥ 4. Then
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(10.15.1) AG(t) =
1
2n
(
2
1− 2nt
+
2n−1
1− 4t
+
2n−1 − 2
1− 2n−1t
)
.
(10.15.2) BG(t) =
1
(1 − 2t)
(
1 +
(2n−2 − 1)t
2(1− nt)
+
2t
1− 4t
)
.
Proof. All groups of order 2n with nilpotency class n − 1 are isoclinic (see
[Ber08]). Further if n ≥ 4, then this class contains the following three groups
[Gor80, Theorem 4.5];
(10.15.1) D2n = 〈α, β | α
2n−1 = β2 = 1, βαβ−1 = α−1〉
(10.15.2) SD2n = 〈α, β | α
2n−1 = β2 = 1, βαβ−1 = α2
n−2−1〉
(10.15.3) Q2n = 〈α, β | β
2 = α2
n−2
, α2
n−1
= 1, βαβ−1 = α−1〉
The isoclinic groups of same order have same A and B functions (see Corollary
4.4(1)). Now the result follows from Lemma 10.14. 
The 2 groups of rank at most 5 are classified in 8 isoclinic families by Hall and
Senior[HS64]. We compute generating functions AG(t) and BG(t) taking one stem
group from each isoclinic family of rank at most 5. Then we use use Theorem 4.3
to get the generating functions for all the groups in the isoclinic family. We use the
notations from the book by Hall and Senior [HS64, Chapter 5]
Lemma 10.16. Let G be a group of order 2m of rank 3. Then
(10.16.1) AG(t/|G|) =
1− 2−2
1− 2−1t
+
2−2
1− t
.
(10.16.2) BG(t/|G|) =
−2−1
1− 2−2t
+
1 + 2−1
1− 2−1t
.
Proof. All 2-groups of rank 3 are isoclinic and belongs to the family Γ2. If
G ∈ Γ2, then |G/Z(G)| = 2
2 [Hal40, Section 4]. Now AG(t) is given by Lemma
7.1 and BG(t) is given by Theorem 8.2. We normalize these expressions to get the
result. 
Lemma 10.17. Let G be a group of order 2m of rank 4. Then
(10.17.1) AG(t/|G|) =
1− 2−1
1− 2−2t
+
2−1 − 2−3
1− 2−1t
+
2−3
1− t
(10.17.2) BG(t/|G|) =
−2−1
1− 2−3t
+
1
1− 2−2t
+
2−1
1− 2−1t
Proof. All 2-groups of rank 4 are isoclinic and belongs to the family Γ3
[Hal40, Section 4]. Let G = Γ3a1 be a stem group of the isoclinic family Γ3.
The group G has a polycyclic presentation:
〈α, β | α8 = β2 = 1, βαβ−1 = α−1〉.
The group G is dihedral group of order 16. Now using Lemma 10.14, we get
AG(t) =
1
16
(
2
1− 16t
+
8
1− 4t
+
6
1− 8t
)
and
BG(t) =
1
1− 2t
(
1 +
3t
1− 8t
+
2t
1− 4t
)
.
Now use Theorem 4.3 to get AG(t), BG(t) and normalize them to get the result. 
Lemma 10.18. Let G be a group of order 2m of rank 5 and let G ∈ {Γ4,Γ5,Γ8}.
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(10.18.1) If G ∈ Γ4 then
(a) AG(t/|G|) =
1− 2−1
1− 2−2t
+
2−1 − 2−3
1− 2−1t
+
2−3
1− t
.
(b) BG(t/|G|) =
−2−1
1− 2−3t
+
1
1− 2−2t
+
2−1
1− 2−1t
.
(10.18.2) If G ∈ Γ5 then
(a) AG(t/|G|) =
1− 2−4
1− 2−1t
+
2−4
1− t
.
(b) BG(t/|G|) =
1
1− 2−4t
+
−3− 2−1 − 2−2
1− 2−3t
+
3 + 2−1 + 2−2
1− 2−2t
.
(10.18.3) If G ∈ Γ8 then
(a) AG(t/|G|) =
1− 2−1
1− 2−3t
+
2−1 − 2−4
1− 2−1t
+
2−4
1− t
.
(b) BG(t/|G|) =
−2−1
1− 2−4t
+
1
1− 2−3t
+
2−1
1− 2−1t
.
Proof. (10.18.1) Let G = Γ4a2 be a stem group of isoclinic family Γ4. The
group G has a polycyclic presentation:
〈α1, α2, β | α
4
1 = α
4
2 = β
2 = 1, βα1β
−1 = α−11 , βα2β
−1 = α−12 〉.
Here, Z(G) = 〈α21, α
2
2〉. Again |G/Z(G)| = 8 = 2
3 and G has maximal
abelian subgroup H = 〈α1, α2〉 of order 16. Using Lemma 7.3(2), we
get
AG(t) =
1
32
(
4
1− 32t
+
12
1− 16t
+
16
1− 8t
)
and using Theorem 8.3(2), we get
BG(t) =
1
1− 4t
(
1 +
6t
1− 16t
+
4t
1− 8t
)
.
Now use Theorem 4.3 to get AG(t), BG(t) and normalize them to get
the result.
(10.18.2) Let G = Γ5a1 be a stem group of isoclinic family Γ5. The group G has
a polycyclic presentation:
〈α1, α2, α3, α4, β | α
2
1 = α
2
2 = α
2
3 = α
2
4 = β
2 = 1, α1α2α
−1
1 =
βα−12 , α1α4α
−1
1 = βα
−1
4 , α2α3α
−1
2 = βα
−1
3 〉.
It is easy to verify that Z(G) = 〈β〉 is group of order 2 and
G/Z(G) = 〈α1, α2, α3, α4〉 is an elementary abelian 2-group of order
24. Therefore G is an extraspecial 2-group. Now using Lemma 7.7, we
get
AG(t) =
1
32
(
2
1− 32t
+
30
1− 16t
)
and using Lemma 8.4, we get
BG(t) =
1− t
(1− 2t)(1− 16t)
.
We again use Theorem 4.3 to get AG(t), BG(t) and normalize them to
get the result.
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(10.18.3) Let G = Γ8a1 be a stem group of isoclinic family Γ8. The group G is
dihedral group of order 32. Therefore from Lemma 10.14, we get
AG(t) =
1
32
(
2
1− 32t
+
16
1− 4t
+
14
1− 16t
)
and
BG(t) =
2− 22t+ 8t2
2(1− 2t)(1− 16t)(1− 4t)
.
Once again use Theorem 4.3 to get AG(t), BG(t) and normalize them
to get the result.

Lemma 10.19. Let G be a group of order 2m of rank 5 and G belongs to isoclinic
family Γ6. Then
(10.19.1) AG(t/|G|) =
1− 2−2
1− 2−2t
+
2−2 − 2−4
1− 2−1t
+
2−4
1− t
.
(10.19.2) BG(t/|G|) =
−2−1 − 2−2
1− 2−3t
+
1 + 2−1 + 2−2
1− 2−2t
.
Proof. Let G = Γ6a1 be a stem group of isoclinic family Γ6. The group G has
a polycyclic presentation:
〈α, β1, β2 | α
8 = β21 = β
2
2 = 1, β1αβ
−1
1 = α
−1, β2αβ
−1
2 = α
5〉.
Observe that Z(G) = 〈α4〉 is cyclic group of order 2 and derived subgroupG′ = 〈α2〉
is cyclic group of order 4. Using the fact that for x ∈ G \ G′, conjugacy class of
x is contained in coset xG′ for all x ∈ G \ G′, we get |ZG(x)| = 8 or 16 for all
x ∈ G \ Z(G). Consider the normal abelian subgroup H = 〈α2, β2〉. of order 8. By
relations among generators, it is routine check thatX16 = H\Z(G) andX8 = G\H.
Using (5), we get
AG(t) =
1
32
(
2
1− 32t
+
6
1− 16t
+
24
1− 8t
)
.
Using these observations, we have the total number conjugacy classes of G is equal
to r = |Z(G)|+ H−|Z(G)|p +
|G|−H
p2 = 2 + 3 + 6 = 11.
If x ∈ H \G′, we compute that ZG(x) is either isomorphic to subgroup K1 =
〈α2, β1, β2〉 or to subgroup K2 = 〈α
2, αβ1, β2〉 of order 16 with center 〈α
4, β1〉 of
order 4. If x ∈ G′ \ Z(G). Now observe that ZG(x) is isomorphic to subgroup
K3 = 〈α, β2〉 of order 16 with center 〈α
2〉 of order 4. Thus we have Y16(G) =
{K1,K2,K3}. We notice that cK1 + cK2 + cK3 = 3.
Next, we consider the case when x ∈ G \ H . In this case, |ZG(x)| = 8. We
further observe that ZG(x) is abelian in this case, as x ∈ Z(ZG(x)) and x /∈ Z(G)
implies Z(G) ( Z(ZG(x)). Therefore |Z(ZG(x))| > 2 and ZG(x) is an abelian
group. Suppose Y8(G) = {H1, . . . Hl}. Then cH1 + · · ·+ cHl = 6. Therefore by (6),
we get
BG(t) =
1
(1 − 2t)

1 + ∑
K∈Y16(G)
cktBK(t) +
∑
H∈Y8(G)
cHt
(1− |H |t)

 .(16)
Now to find outBG(t), we compute BKi(t) for i = 1, 2, 3.We know thatKi/Z(Ki) =
4 = 22 for i = 1, 2, 3. By using Theorem 8.2, we get
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BKi(t) =
1− 2t
(1− 4t)(1− 8t)
for i = 1, 2, 3.
Therefore from equation 16, we get
BG(t) =
1
(1− 2t)
(
1 +
3t(1− 2t)
(1− 4t)(1− 8t)
+
6t
(1− 8t)
)
=
(1− t)
(1− 8t)(1− 4t).
Now use Theorem 4.3 to get AG(t), BG(t) and normalize them to get the result. 
Lemma 10.20. Let G be a group of order 2m of rank 5 and G belongs to isoclinic
family Γ7. Then
(10.20.1) AG(t/|G|) =
1− 2−2
1− 2−2t
+
2−2 − 2−4
1− 2−1t
+
2−4
1− t
.
(10.20.2) BG(t/|G|) =
−2−1 − 2−2
1− 2−3t
+
1 + 2−1 + 2−2
1− 2−2t
.
Proof. Let G = Γ7a1 be a stem group of isoclinic family Γ7. The group G has
a polycyclic presentation:
〈α, β1, β2, β3 | β
2
1 = β
2
2 = β
2
3 = α
4 = 1, αβ2α
−1 = β1β2, αβ3α
−1 = β2β3〉.
Observe that Z(G) = 〈β1〉 is cyclic group of order 2 and derived subgroup G
′ =
〈β1, β2〉 is cyclic group of order 4. Using the fact that for x ∈ G \ G
′, conjugacy
class of x is contained in coset xG′ for all x ∈ G \ G′, we get |ZG(x)| = 8 or 16
for all x ∈ G \ Z(G). Consider the normal abelian subgroup H = 〈α2, β1, β2〉. of
order 8. By relations among generators, it is routine check that X16 = H \ Z(G)
and X8 = G \H. Now by using (5), we get
AG(t) =
1
32
(
2
1− 32t
+
6
1− 16t
+
24
1− 8t
)
.
Using these observations, we have the total number conjugacy classes of G is equal
to r = |Z(G)|+ H−|Z(G)|p +
|G|−H
p2 = 2 + 3 + 6 = 11.
If x ∈ H \G′, we compute that ZG(x) is either isomorphic to subgroup K1 =
〈α, β1, β2〉 or to subgroup K2 = 〈β1, β2, β3α〉 of order 16 with center 〈α
2, β1〉 of
order 4. If x ∈ G′ \ Z(G). We compute that ZG(x) is isomorphic to subgroup
K3 = 〈α
2, β1, β2, β3〉 of order 16 with center 〈α
2〉 of order 4. Thus we have Y16(G) =
{K1,K2,K3}. We notice that cK1 + cK2 + cK3 = 3.
Next, we consider the case when x ∈ G \ H . In this case |ZG(x)| = 8. We
further observe that ZG(x) is abelian in this case, as x ∈ Z(ZG(x)) and x /∈ Z(G)
implies Z(G) ( Z(ZG(x)). Therefore |Z(ZG(x))| > 2 and ZG(x) is an abelian
group. Suppose Y8(G) = {H1, . . . Hl}. Then cH1 + · · ·+ cHl = 6. Therefore by (6),
we get
BG(t) =
1
(1 − 2t)

1 + ∑
K∈Y16(G)
cktBK(t) +
∑
H∈Y8(G)
cHt
(1− |H |t)

 .(17)
Next, to find out BG(t), we compute BKi(t) for i = 1, 2, 3. We know that
Ki/Z(Ki) = 4 = 2
2 for i = 1, 2, 3. By using Theorem 8.2, we get
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BKi(t) =
1− 2t
(1− 4t)(1− 8t)
for i = 1, 2, 3.
Therefore from equation 17, we get
BG(t) =
1
(1− 2t)
(
1 +
3t(1− 2t)
(1− 4t)(1− 8t)
+
6t
(1− 8t)
)
=
(1− t)
(1− 8t)(1− 4t)
.
Now use Theorem 4.3 to get AG(t), BG(t) and normalize them to get the result. 
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